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ABSTRACT. Let F),, be the n-th Fibonacci number. The Fibonomial coef-

ficients [Z] P are defined for n > k£ > 0 as follows

[n] _ Fnanl"'Fn—k-&-l
k F F1 F2 e Fk

with [g}F =1 and [:]F = 0 for n < k. In this paper, we shall provide
several identities among Fibonomial coefficients. In particular, we prove

)

that
4l+1
L4l +1 Fo_ 114l +1
E sgn(2l — j) [ . ] Fn_j= —F2l ! [ 9l ] Fn_a1-1,
j=0 41+1 P

holds for all non-negative integers n and [.

1. INTRODUCTION

In 1915, Fontené published a one-page note [1] suggesting a generalization
of binomial coefficients, replacing the natural numbers by the terms of an arbi-
trary sequence {a,} of real or complex numbers. Thus the generalized binomial
coefficients are defined by

n o ApQp—1 " Op—k+1
k], a1Gs - - - ag '

Setting a,, = n we recover the ordinary binomial coefficients, while a,, = ¢" —1
we obtain the ¢g-binomial coefficients studied by Gauss, Euler, Cauchy and which
were shortly called ¢-Gaussian coefficients (Gauss g-binomial coefficients). The
sequence {a,} is essentially arbitrary but we do require that a,, # 0 for n > 1.
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The generalized binomial coefficients have many interesting properties. Ob-
viously, for an integer n > 1,

R AR RS RS

Specially, take a sequence {ay,} of positive integers generated by
Unt2 = gant1 — hay (1)

for integers n > 0, where g, h # 0 are real numbers. Let a and 8, a # 3, be
the roots of the characteristic equation z? — gz + h = 0 and let u,, v, be the
solutions of (1) defined by u,, = (o™ — ")/(ac — ) and v, = ™ + ". Jarden
[3] found the following formula

k
> (1Y m W' ik =0,
=0 a
where z,, is the product of the n-th terms of k& — 1 sequences satisfying (1).

Since 1964, there has been an accelerated interest in Fibonomial coefficients,
which correspond to the choice a,, = F,, where F,, are the Fibonacci numbers
defined by (1) forg =1, h = —1.

It is easy to write the key recurrence formula in the form

n n—1 n—1
[k]F‘F“l[ K L*F”’”[k—l]a

We refer the reader to recent papers [4] and [5] for results on the spacing and
perfect powers among Fibonomial coefficients, respectively.

For the signed Fibonomial coefficients (—1)z(+1) [ﬂF (named A055870 in
Sloane’s encyclopedia of sequences), we can found the following identity, see
[14], (a little rewritten)

k ) L
(5 —
it m=o.

=0 J

where n, k are any positive integers with n > k + 1.
In [6], we obtain for any non-negative integer ! = 0,2 (mod 4) the following
identity

l
i I
Z(—l)%(ﬁ(_l)l/z) H Fry—5=0.
i=0 JF
In this paper, we shall study the similar sums of the Fibonomial coefficients,
but for I = 1,3 (mod 4). The following theorem is our main result.
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Theorem 1. Let I, n be any non-negative integers. Then

4043
4l +3 Fy [4l+3
sgn(QZ +1- .7) |: . :| Fn— j — |: :| Fn—4l—3 (2)
JZ:(:) i e "7 Fugs 204 1],
and
s, Al +1 Fo_y [4l+1
> sgn(2l — ) [ . } Fo_j= —[ ] Fo_giy - (3)
= J 1r Fyp | 20 g

As usual, in the above statement, sgn(z) denotes the sign function of x,
defined by sgn(0) = 0 and sgn(z) = x/|z|, for z # 0.
2. THE PRELIMINARY RESULTS

First, we extend the definition of the Fibonomial coefficients, for any integers
n, k, by the following way

0, if £ < 0;
{q - 1, ifk=0:
k] p Hf;ol %, in other cases.

Throughout what follows, {L,,} denotes the sequence of Lucas numbers which
follows the same recursive pattern as Fibonacci numbers, but with initial values
L0:2andL1:1.

Lemma 2. Let k, I, m be any integers. Then

Fy — (1) = Li_1Fiyq (4)

Fopr — (1) = Ly By (5)

FyioFy + (=) Fi_1 = Fiy1 Foga, (6)
Fyor1Fiop — FeFopsr = (1) Fi_o, (7)
B wFiopi1 — B Fyo = (1) FyFry. (8)
FroiFou + ()" E = o Fy, (9)
Foy1Lipr + (—1) Lise = Fiyo L7, (10)
Fyp1Fropr2 — FraaFiop = (1) F_ay, (11)
i+ (D)L = Fay i Fagpa. (12)

Proof. Identities (4) and (5) follows from identity
Fn+m - (_1)an—m = Fan 5

see (15b) in [11], setting m =1+ 1, n=1—1 and m =1, n = [ + 1 respectively.
Identity (6) follows from identity

FaerFaJrc - FaFa+b+c = (_1)anFc 5 (13)
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see (20a) in [11], setting c =1, a =1, b =1 — 1 and using basic recurrence.
Identity (7) follows from identity (13) setting c=1,a =k, b=1— 2k.
Identity (8) follows from identity (13) settinga =1+1,b=k+1,c=—-k—1
and using identity F_, = (=1)**1F, (see [11], identity (2)).
Identity (9) follows from identity (13) setting a =1+3,b=1—1, c=1 and
using Fibonacci recurrence relation.
Identity (10) can be rewritten by identities Lo, +2+(—1)" = L2 and F,,+L,, =
2F, 41 (see identities (17c) and (7b) in [11]), to the form

FrioLoy — Fy1Lipy = (=1)!'Fi_y

which follows from identity (13) settinga=1+1,b=101—1,¢c=1.
Identity (11) follows from (7) using the basic recurrence.
Identity (12) follows identity (13) setting ¢ = m—p, b = m—p and a = n+2p.
|

Lemma 3. Letl, k # —1 be any integers. Then the following holds

l [+1] Fop- l
W] VRS -L]L
kf + 1 F k F Fk+1 k - 1 F
Proof. After overwriting the Fibonomial coeflicients using their definition, we
obtain the identity
(~V)'Fi_gy1F— + For1 Frp = FyFip
which follows from identity (8) using again identity F_, = (=1)**1F,. m

Lemma 4. Let [, k be any integers. Then the following holds

[ ] JAl272043 [ } (Fu—2k+3 — For2)
» F

2%k Fon 2% + 1
Al +3 Al+2] FuyoFaris
+ Fuioro — Fopys) = SAlvatolEs
|:2]€ + 2:| F( 41 —2k+2 2k+3) |:2k‘ + 2:| . F21+1

Proof. After overwriting the Fibonomial coefficients using their definition we get

FyyoFoys3Fory1Fokyo + FuysFoip1 Fogyo(Fa—okys — Fakyo)
+Eyy3Fo1 Fa—opq2(Fau—okt2 — Forys)
= Fy_optoFu—ort1FuiaFoiis

which can be simplified by basic recurrence for the Fibonacci numbers and using
identities (4), (7), where we replace k by 2k and [ by 4, and (8), where we replace
k by 2k + 1 and [ by 4] + 2, to the form

Fii onyo — Fapro = Fagrny Fag—r)

which is the special form of identity (12) for m =0, n = 4(l — k) and p = 2k + 2.
(]
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Lemma 5. Let | # 0, k be any integers. Then the following holds

4l FyFoqo . 41 +1
% —1), Py 2%
41 +1
Fy_ - F
+|:2k+1:|p( Al—2k+1 — Fory2)

_ 4l FyFoio
%+1], P

] (Fai—2k+2 — Fort1)
F

Proof. The proof is very similar as in Lemma 4. After overwriting the Fibono-
mial coeflicients using their definition we get

FyFooFo, Fopi1 + Fuyp1 FoFog1(Fa—opt2 — Fogg1)
+Fy1 ForFa—okt1(Fa—ok+1 — Foryo)
= Fy op1FuoxFuFoya,

which can be simplified by basic recurrence for the Fibonacci numbers and using
identities (4), (11), where we replace k by 2k and [ by 4l, and (8), where we
replace k by 2k and [ by 4[, to the form

Fi ok — Fonor = Fieny Fag—r)

which is the special form of identity (12) for m =0, n = 4(l—k) and p = 2k + 1.
[

Lemma 6. Letl, k be any integers. Then

l l+1 Fi_op l
RN TSRS
( )[k—lhﬂ kE4+1] p Fi_pt1 kE+1]p

forl#k—1.

Proof. After overwriting the Fibonomial coefficients using their definition we
obtain identity (8). m

Theorem 7. Let | be any integer and n any non-negative integer. Then

2n

41+ 3 41+ 2| F F:
> { ; ] (Farpa—j — Fj1) = { } e 2 (14)
=0 ] F 2n F F2l+1

Proof. We use the induction with respect to n. For n = 0 the assertion follows
from (4) replacing [ by 2l 4+ 2 and using well-known equality FjL; = Fy. Let
us suppose that the identity holds for n = k and prove it for n = k 4+ 1. The
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left-hand side can be rewritten as

2%+2 2k
4143 41+ 3
Z[ . } (Fuga—j — Fj1) = Z[ : } (Faa—j — Fj1)
=0 b 2 drF =0l I IrF
41+ 3
Fy_ - F
1] (Fioakrs = Favea)
41+ 3
Fy_opto — F
{Qk-*-?}p( ai—2k+2 — Foris)

and the proof follows from Lemma 4. m

Theorem 8. Let ! be any integer and n any positive integer. Then

T4l —17 Fuu—; 41— 2
S 4-9 _ —1. (15)
2]—1 F ng 2n F

J=1

Proof. We use the induction with respect to n. For n = 1 the assertion is
implied by (8) putting kK = 1 and replacing ! by 4l — 2. Let us suppose that
proved identity holds for n = k and prove it for n = k + 1. The left side of (15)
has the form

’“i {41— 1] Fia—j) _ z’“: [45 - 1} Fig-p) [41 - 1] Fig-i—1)
j=1 Qj_l F F2j j=1 2.j_1 F F2j 2k +1 P F2(k+1)

and the proved identity follows from Lemma 3 replacing k& by 2k + 1 and [ by
4—-2. =m

Corollary 9. Let n be any positive integer. Then

n

> (—1) Ly,

Jj=1

(_l)nF2n+1 -1 )

n _ _1)
> (1) PojrFojraFojysFugeny = ( 5) Foni1Fony2Fony3FonyaFonys — 6 .

j=1

Proof. We get the first relation setting [ = 0 in (15) and using identities [;j] =
(=1)"F5,41 and [2;—11}1? = (=1)’*!, which follow from our extension of defi-
nition of the Fibonomial coefficient. The second relation we obtain similarly

setting [ = —1 in (15). m
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Theorem 10. Let [ and n be any integers. Then

Za(j,l) = {41_2} — 1, where
F

- 2n
Jj=1
o\J, = 41—1 Fyq—j .
(sl pmas, i#2,

and

Proof. By overwriting the Fibonomial coefficients we obtain

{41 - 1] Fya—j) -5 g =2
] = 41—1 —J y
2j—1|p Fyy bjhﬂ#’ i

and the first identity follows from (15). The second identity clearly holds for
I =0 and for [ # 0 we use the relation

{41—1] Fiu—y) _ {41} Fya_j)
2 1], Fy; 2%y, Fu

which can be derived by overwriting the Fibonomial coefficients again, and the
assertion is implied by (15). m

Theorem 11. Let [ # 0 be any integer and n any positive integer. Then

2n—1

47+ 1 41 F: F
> { ; ] (Farpo—j — Fjy1) = {2 J % ~ (16)
=0 F n — F 21

Proof. We use the induction with respect to n. For n = 1 we obtain after
overwriting the Fibonomial coefficients the following identity

2
FiFo 0

Fyio—1+ F421+1 —Fyp1 = 2
21

Using relations Fy = F;L; and (5) we can rewrite it to the identity Lojio +
Fyi1Lopy1 = L%lFQIJrQ, which follows from (10) replacing ! by 21.
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Let us suppose, by the induction hypothesis, that the proved identity holds
for n = k and prove it for n = k + 1. The left side we can write as

2k+1

4141
> { ) } (Fava—j — Fi1)
i—o L ] ArF
2k—1

4l +1 4 +1

= Z { ‘ ] (Fuyo—j — Fip1) + [ ] (Fu—2k+2 — Fops1)
= J 1r 2k | g
40+1
Fy— - F

+{2k+1}F( 41—2k+1 2k+2)

and the proved identity follows from Lemma 5. m

3. THE PROOF OF THEOREM 1

Firstly we prove identity (2). This identity can be rewritten as

2l 4143
4l + 3 41+ 3 F: 41+ 3
g [ ) ] Fotarys—j — E [ . ] Foyags—j = 2 [ } F,
F F F

=L J j=2te b J Fugs |20+1

and replacing j by (41 + 3) — j in the second sum and simplifying to the form

21
4+ 3 41 +3 FFy
E F, —i—Fhy) = F, .
=~ [ j ]F( +4l+3— +5) {21 I J B < +2141 + Furs

We prove it by induction with respect to n. Let n = 0, thus we have to show

that
21

41+ 3 41+ 3
Fyis_; —F.) = F: .
Z|: ] :|F( 4143—j ]) |:2l+1:|F 2014+1

§=0
But this identity follows from the relation [?]FFm_j = L-TJF

m, j are any non-negative integers, which can be easily obtained overwriting the
Fibonomial coefficients, by the following way

21 21
41+ 3 41+ 3 4] + 3
) { : } (Fups—j—F) = > ({ J Fj+1{ . } Fj>
J+ r J F

Fj41, where

=0t J A =0
41+ 3 41+ 3
= Forp1 — Fy
20+ 1), 0 |p
4143
= F: .
[21+1L 2t
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Let n = 1. Then we have to prove the identity

21

41+ 3 41+ 3 F:
Z [ p } (Faiqa—j — Fjp1) = [2l L J <F21+2 + -2 ) )
j=0 F F

It can be simplified with respect to (6), where we replace [ by 21 + 1, to

21

4] + 3 4] + 3 F21+3F4l+2
Fuia_j—Fj1) = e
jz:;) { ' L«“ Pty o) [2l + J ro Futs

and

21

4+3 4l + 2] FyioF
2 { ; } (Fuva—j — Fja) = [ M } JAl+272143
ot S 20 |p  Fan

but this is a special case of identity (14) for n = [ only.

If we consider that (2) holds for n and n + 1, then adding of appurtant
identities and using the basic recurrence Fj, 1o = Fj, + Fj,41 the proof of (2) is
over.

Now we prove identity (3). It obviously holds for [ = 0 therefore we consider
I > 0 in the next part of proof.

The identity can be rewritten as

2—1 4141
41+ 1 41+ 1 Fo_1 (4l +1
Z { X ] Froyayi—5 — Z { . ] Foyapi—5= 211 [ ] E, .
F F F

ol Y Pyl Fyp | 2

and replacing j by (41 + 1) — j in the second sum and simplifying to the form

211
Al +1 4141 FFy
> { , } (Fntaiy1-5 — Fogj) = [ 91 } (Fn+2l - le1> :
=0 J F F 4l+1

We again prove it by induction with respect to n. For n = 0 the proof can be
done analogously as proof of (2) for n = 1.
Let n = 1. Then we have to show that

20—1
4l +1 41+ 1 For_
Z[ ) } (F4l+2j_Fj+1):[ o } (F21+1— 2l 1) .
F F

k.
=0 J 41+1

This relation can be simplified using (9), where we replace | by 2I, to

24l 41 41 +1] FaoFy
Z . (Fag2—j — Fjy1) = ) e
=0 J F J F 4l+1
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and
212‘1{41 +1] (7 o) { 4l } ForoFy
. 4142—35 — i+1) — - 1
=L i lr b 20-1], Fy

which is a special case of identity (16). The induction leap is the same as in the
proof of identity (2).
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